M. P. Mignolet, Christian Soize. Stochastic reduced order models for uncertain geometrically nonlinear dynamical systems. Computer Methods in Applied Mechanics and Engineering, Elsevier, 2008, 197 (45-48) ABSTRACT A general methodology is presented for the consideration of both parameter and model uncertainty in the determination of the response of geometrically nonlinear structural dynamic systems. The approach is rooted in the availability of reduced order models of these nonlinear systems with a deterministic basis extracted from a reference model (the mean model). Uncertainty, both from parameters and model, is introduced by randomizing the coefficients of the reduced order model in a manner that guarantees the physical appropriateness of every realization of the reduced order model, i.e. while maintaining the fundamental properties of symmetry and positive definiteness of every such reduced order model. This randomization is achieved not by postulating a specific joint statistical distribution of the reduced order model coefficients but rather by deriving this distribution through the principle of maximization of the entropy constrained to satisfy the necessary symmetry and positive definiteness properties. Several desirable features of this approach are that the uncertainty can be characterized by a single measure of dispersion, affects all coefficients of the reduced order model, and is computationally easily achieved. The reduced order modeling strategy and this stochastic modeling of its coefficients are presented in details and several applications to a beam undergoing large displacement are presented. These applications demonstrate the appropriateness and computational efficiency of the method to the broad class of uncertain geometrically nonlinear dynamic systems.
INTRODUCTION
The need to include system uncertainty in dynamic analyses has long been recognized in the context of some specific problems. For example, the response of turbomachinery/engine A probabilistic approach that does include both parameter and model uncertainty has recently been devised (Soize, (3) (4) (5) ) and applied/validated (see [6] for a review) on a variety of dynamic problems involving linear structures with possible additional local nonlinearities. The inclusion of parameter and model uncertainty is accomplished in reduced order models of the structure through an appropriate stochastic representation of the elements of its mass, damping, and stiffness matrices. The variations of these random matrices around a baseline model (referred to as the mean model) is characterized by a single measure of dispersion, as opposed to a large number of parameters from statistical distributions. Accordingly, this probabilistic approach has been referred to as nonparametric and thus exhibits the following advantageous properties:
i) includes both model and parameter uncertainty, ii) is characterized by only a mean reduced order model and a measure of dispersion, and, iii) is computationally expedient because it relies on reduced order models for the Monte Carlo simulations typically involved in the stochastic analysis of uncertain systems.
These important properties motivate the extension of the nonparametric approach to dynamic systems with distributed, geometric nonlinearity, which is the focus of the present investigation. This extension will rely in particular on recent developments in the formulation of reduced order models of geometrically nonlinear systems (e.g. [7] [8] [9] [10] ) and will be accomplished in the general framework of linearly elastic geometrically nonlinear structures which encompasses as special cases beams and plates with the von Karman strain definition.
GEOMETRIC NONLINEAR FORMULATION
While many of the classical structural dynamic problems involving geometric nonlinearity relate to beam, plates, and shells in which the von Karman strain definition is used, it is of interest here to demonstrate the general applicability of the nonparametric stochastic modeling approach. To this end, an arbitrary linearly elastic (i.e. with a linear relation between the Green strain and second Piola-Kirchhoff stress tensors) structure undergoing large deformations will be considered in the sequel.
The position vector of a point of the structure will be denoted by X in the reference configuration and as x in the deformed one so that the displacement vector is X x u . The deformation gradient tensor F , which is assumed to be orientation preserving, is then defined by its components as 
Note in the above equation and in the ensuing ones that summation is implied on all repeated indices.
The equation of motion of the structure is then given by (e.g. see [11] ) 
where S denotes the second Piola-Kirchhoff stress tensor, 
in which 0 n is the external unit normal to . Note further in Eqs (3) and (4) where J is the Jacobian of the transformation
. Since the deformation gradient satisfies the orientation-preserving condition, we have 0
.Further, the area ratio can be expressed evaluated from [12] 
where N is the unit normal vector to 0 : w at the boundary point X and n is its counterpart on the deformed configuration.
To complete the formulation of the elastodynamic problem, it remains to specify the constitutive behavior of the material. In this regard, adopting a linear elastic model between the Green strain and second Piola-Kirchhoff stress tensors yields the linear relation
where the fourth order elasticity tensor C satisfies the symmetry conditions
as well as klij ijkl C C (10) and the positive definiteness property
for any non zero second order tensor A .
REDUCED ORDER MODELING
The previous section has provided the governing equations for the infinite dimensional problem of determining the stress and displacement fields everywhere in the structure considered. Following the discussion of the introduction, it is next desired to construct finite dimensional reduced order models of Eqs (1)-(8) that can be used for a nonparametric stochastic modeling of uncertainty. Before introducing the basis for the reduction, it is necessary to express the problem in its weak form.
To this end, denote by
a vector function of X that is sufficiently differentiable and such that 0 v on . Then, the weak formulation of the geometric nonlinear elastodynamic problem of Eqs (3)- (5) is to find the displacement field
is satisfied for all satisfying the above conditions. 
and applying Eq. (12) with for m = 1, 2, ..., M where M is the order of the model, i.e.
the number of basis functions in Eq. (13) . After some algebraic manipulations, this process 
and, finally, (9), (10) and (19) that the fourth order tensor
K exhibits the same symmetry properties, i.e. Eq. (9) and (10), as C and further that it is also positive definite.
In addition to the above properties, which involve each matrix separately, there is also one notable property that involves 
It is next desired to demonstrate that B K is positive definite. To this end, introduce first
where q and V have M and M 2 components, respectively. Next, note that X Renaming the dummy indices in the above equation and using the symmetries of Eqs (9) and (10), it is found that
which is positive for all vectors q and V given Eq. (11). It is then concluded that the matrix B K is indeed positive definite. Note that this property also implies the positive definiteness of 
ESTIMATION OF THE REDUCED ORDER MODEL PARAMETERS
Equations (15) and the geometrical and material properties of the structure, e.g. , , , etc., and thus, technically, complete the reduced order modeling strategy. In practice, however, it is likely that a finite element model of the structure is available and was relied upon to determine the basis functions
. Then, the integration over 0 :
should be split into integrals over the various elements forming the mesh and the appropriate interpolation functions should be used to evaluate the basis functions
and their derivatives. Although fairly straightforward, this effort appears quite cumbersome and may require a more detailed knowledge of the inner workings of the finite element package used than may be available, especially for commercially available codes. Accordingly, it would be very desirable to dispose of an indirect approach to determine the various stiffness and mass terms that is compatible with standard finite element packages. One such technique, referred to as the STEP method (STiffness Evaluation Procedure), was initially conceived in [7] and later modified in [8, 9] .
The fundamental idea behind the STEP approach is to identify the stiffness parameters ,
, and by successive static finite element computations in which the displacement field is prescribed to
and the required surface tractions 0 t are estimated. The STEP approach starts with the imposition of displacement fields that are proportional to a single basis function, i.e.,
for each value of n in turn. In these conditions, , , and are three constants scaling factors differing from each other and such that the displacements induced (
u ) are large enough to induce significant geometric nonlinear effects but small enough to stay within the convergence limits of the finite element code. Inserting the imposed displacement fields of Eq.
(32) in the elastostatic equation associated with Eq. (14) implies that
where the force terms Equations (33)- (35) represent for each i and n a set of three linear equations in the unknown , , and which is readily solved.
The next stage of the STEP algorithm focuses on the determination of the parameters ,
, and (and their permutations of indices, see discussion on properties of However, the procedure is slightly different from the one above in that involving the parameters , , and requires a displacement field that has components in both and
Expressing the reduced order model governing equation, Eq. (14), for these 3 displacement fields and the associated force terms , p = 4, 5, and 6, yields a set of three equations for each i, m, and n which is readily solved to obtain the parameters , , and . The choice of scaling factors and does lead to some simplifications of the equations.
The last stage of the STEP algorithm is concerned with the evaluation of the coefficients (and its permutations of indices) for m, n, and s all different. This effort is readily achieved from the above results using the final displacement field
and the associated force term . 
. Similarly, the symmetry was not used in the computations while the property was assumed. A similar discussion also holds with the elements of
detailed discussion of these issues in connection with a flat plate (see [8] 
and thus the coefficients can be evaluated through the integration of/finding the potential associated with .
NONPARAMETRIC STOCHASTIC MODELING OF UNCERTAINTY
As discussed in the introduction, there are two particular types of uncertainty to be considered in structural dynamic models: parameter uncertainty and model uncertainty. The former is associated with variations of the material properties of the structure that arise from the manufacturing process, in service operation, and the modeling process. At the contrary, model On the contrary, the consideration of uncertainty, from parameters or model, appears much more straightforward in the reduced order model, as it is characterized by a finite number of mass and stiffness coefficients which can be treated as random variables and are physically expected to be correlated. In addition to those coefficients, the reduced order model also involves the basis functions and it is worthwhile to ask whether that basis should be deterministic (i.e. related to the mean model) or random (e.g. based on the full computational model with some parameter uncertainty). The most significant advantage of using a random basis would be to obtain certain special properties of the uncertain reduced order model, e.g. diagonal nature of some of the matrices involved. However, the inclusion of model uncertainty would likely destroy these special features. On the contrary, the use of a deterministic basis is computationally efficient as it needs to be determined only once and focuses the uncertainty of the reduced order model on its coefficients. On the basis of this discussion, deterministic basis functions will be adopted in the sequel but their choice must be such that the response of the uncertain systems, not just the mean one, is well represented. Additional comments in this respect will be made in the Numerical Results section. which is unlikely to be available in any practical application. A first approach to resolve this difficulty is to allow only some of the coefficients to be uncertain as was done in the ad-hoc strategies discussed in the Introduction. Clearly such an approach does not have the accuracy and generality required here. A second approach might be to specify the form of this distribution with unknown parameters to be estimated. Even with a single parameter per uncertain coefficient to describe its variations, there would be a very large number of such parameters to estimate especially given the generally poor knowledge on the uncertainty in physical systems.
A third approach, which is the one adopted here, is to rely on a higher principle to derive the necessary joint probability density function. As discussed by Soize [3] [4] [5] [6] , the maximum entropy principle provides such a framework and leads to statistical distributions that place particular emphasis on "larger" deviations from the mean value, a desirable feature to assess the robustness of a design to uncertainty. The maximization of the entropy must however be achieved carefully to guarantee the physical meaningfulness of the ensemble of mass, damping, and stiffness coefficients simulated, especially in view of the emphasis on the tail of the distribution just stated. Physical meaningfulness of the mass, damping, and stiffness coefficients of the reduced order model of Eq. (14) implies here that these coefficients satisfy all properties that are expected from Eq. (14) for an arbitrary dynamic system, i.e. 
Note as well that the excitation of Eq. (14) has been replaced by the uncertain term
(39). This randomization of the excitation reflects the possible uncertain nature of the transport of the specified traction from the (uncertain) deformed configuration back to the (deterministic) reference one.
In his original formulation of the nonparametric stochastic modeling approach, Soize [3, 4] A (see [3, 4] for discussion) and thus guarantees the nonsingularity of A for mean square
, where F denotes the Frobenius norm of matrices.
The determination of the probability density function maximizing Eq. (40) while satisfying the constraints of Eqs (42)-(44) was accomplished in [3, 4] by calculus of variations with Lagrange multipliers. The resulting stochastic description of A is most easily stated in terms of the random lower triangular matrix H such that
where L is any decomposition, e.g. Cholesky, of A satisfying
. Specifically, it was found [3, 4] that
where i C , i=1,..., n , and il C , i=1,..., n ; l=1,...,i-1, are appropriate normalization constants and
It is concluded from Eq. (46) that:
(i) the elements il H , i>l, are all independent of each other and independent of the elements ii H .
Further, they are normally distributed with mean 0 and standard deviation
(ii) the elements ii H are all independent of each other. Further, they are distributed according to 
For the uncertain stiffness tensors 
The partitioning of the uncertain matrix B K is consistent with the one of its mean value, i.e. Eq.
(24), and thus permits to extract the corresponding uncertain matrices (59) and (24).
It remains finally to obtain the realization of the third order tensor
K . This is achieved as in Eq. (17), i.e.
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NUMERICAL RESULTS
To demonstrate the above concepts, a beam of dimensions 0.2286m long, 0.0127m wide, The time marching of the response of the reduced order models (mean and uncertain) was achieved with an unconditionally stable Newmark-E algorithm (e.g. see [16] ) in which the nonlinear algebraic equations were solved by a fixed point algorithm. The time step for the most of the computations was set at = 5× t ' where is the order of the reduced order model. In general, it was found that the selection =10 and =12 led to convergence. For the cases in which these parameters were changed, their values will be stated explicitly. It should be noted that the mean system is symmetric with respect to the location of the force and thus the second, fourth, and sixth transverse modes, which are antisymmetric, will not appear in the mean model response. 1
To enable a physical comparison between different cases, the various parameters O should be selected to achieve the same physical measure of variation of the reduced order model.
In the present investigation, the measure of variation specified related to the first natural frequency. More specifically, a 4% mean square variation of the first natural frequency of the uncertain system ( ) around its corresponding value for the mean model ( ) was enforced.
That is,
The evaluation of the parameter from this condition was achieved in a trial and error strategy:
for a value of , an ensemble of reduced order models were generated and the corresponding population of the first natural frequency of the uncertain linear system were determined. An indicate that the latter one is much more complex than the former one due to the large number of peaks of the spectrum, which itself results from the quadratic transformation of Eq. (28). stiffness tensors leads to the spectrum plot of Fig. 17 . Surprisingly, it is found that the dominant peak is quite robust but that a very large uncertainty band occurs in conjunction with the first mode. In fact, the 95th percentile of the spectrum at this first peak is at the same energy level than that of the dominant peak. Thus, uncertainty on this narrowband response manifest itself mostly by a potentially dramatic increase in the component of response associated with the first linear mode. The derivation of a reduced order model of a geometrically nonlinear system from a computational model (e.g. finite element model) of it was also addressed and a recently devised approach (the STEP algorithm) was reviewed in details. It was finally noted that a complete reduced order model should also include the characterization of the stress field and this task was also achieved.
The stochastic modeling of uncertainty (parameter and model) within the context of the reduced order model was considered next. It was highlighted that such a modeling cannot be achieved in an ad-hoc manner but rather should be deep rooted in stochastic mechanics to achieve the generality and accuracy desired. To this end and following recent work in this area, a nonparametric approach was adopted in which the joint distribution of the coefficients of the reduced order model was not postulated but rather derived according to the maximum entropy principle under the constraints of symmetry and positive definiteness demonstrated earlier. The consideration of uncertainty in mass, damping, and stiffness according to this nonparametric approach was described in detail and was found to be computationally advantageous (owing to expedient algorithms for the simulation of samples of the reduced order model coefficients) and appealing in practical applications (because it requires only one measure of dispersion to characterize the uncertainty). Further, the nonparametric approach leads to reduced order models in which all coefficients are uncertain and are generally dependent on each other, as might be expected from an uncertain system.
A slender beam was finally considered to exemplify the methodology presented and its specific mean reduced order model was first derived by the STEP algorithm from a full finite element model. Next, uncertainty in mass and stiffness were considered one at a time to demonstrate the application of the nonparametric methodology and compare the effects of these different types of uncertainty on both displacements and stresses inside the beam. These results were found to be in good agreement with physical expectations.
